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NATURAL VIBRATIONS OF LONGITUDINALLY STRENGTHENED CYLINDRICAL
SHELLS WITH AN ELASTIC FILLER
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Abstract: In the work, using the variational theory, the oscillations of a thin long reinforced
round shape with dynamic wave filling, with axial assistance and taking into account friction in
contact were investigated. They were constructed depending on the period of natural oscillation
from wave formation in the circumferential direction taking into account friction in contact
between the shell and the filling. It was established that the results of the study practically do not
depend on the characteristics of the material, since the dependence of the frequency on the
Poisson ratio does not depend on the modulus of elasticity.

Keywords: connection, joint, modulus of elasticity, deformation, total energy, coefficient of
friction.

Introduction. Cylindrical shells with various fillers are widely used in various branches of
mechanical engineering. This, in turn, requires a more complete consideration of the
characteristics of materials and structures for the purpose of rational design and reliable strength
calculations. For a more reliable description of the bearing capacity of a structure, it is advisable
to take into account the forces of external action from the filler. One of such effects is its contact
with the elastic medium. The forces of external action from the filler are essentially surface
forces and are caused by the contact between the shell and the elastic filler. The contact is
complex and depends on various factors: mechanical parameters of the filler, the surface of the
shell, etc. One of the main factors is the friction forces caused by the interaction of the shell with
the filler. The solution of this type of problem is associated with a number of mathematical
difficulties, aggravated by the need to take into account dynamic effects in problems of seismic
resistance, vibration, etc., often encountered in technical calculations and modeling. Thus, the
relevance of developing approximate methods for this type of calculations is obvious, which is,
in particular, the variational method considered in this article. This is also explained by the fact
that the method allows developing consistent approximate principles of the theory of thin-walled
structures such as shells and rods. It should be noted that the solutions described in the scientific
literature relate mainly to a reinforced cylindrical shell without a filler [1-3]. Vibrations of
smooth cylindrical shells with a filler are studied quite fully in [4-7]. In [8-10], vibrations of
cylindrical shells reinforced with longitudinal ribs and filled with an elastic medium are studied.
Methods. This article is devoted to the study of free vibrations of cylindrical shells with a filler,
reinforced by discretely distributed longitudinal systems of ribs under axial compression and
taking into account the friction between the shell and the filler. An analysis of the influence of
environmental parameters on the parameters of the natural vibration frequency of the system is
carried out. The problem is solved by an energy method. The potential energy of a shell loaded
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with axial compressive forces has the form [11-

12]:
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Here ,1 R
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=x ,
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=q x , у,z- coordinates, cc GE , - elasticity and shear moduli of the

longitudinal ribs material, k – number of longitudinal ribs, xs - axial compressive stresses,
wu ,,n - components of the shell displacement vector,h and R – the thickness and radius of the

shell, respectively,Е, n - Young's modulus and Poisson's ratio of the shell material, cF , ycI , ckpI .

- respectively, the areas and moments of inertia of the cross-section of the longitudinal rod
relative to the axis ОХ and ОZ, and also the moment of inertia during torsion.
The kinetic energy of the shell is:
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Here
0r

rr c
c = , were crr ,0 - the densities of the shell and longitudinal rod materials,

respectively, i
ki
1

2pq = .

The interaction of the filler with the shell is represented as a surface load applied to the shell,
which performs work on the displacements of the contact surface when transferring the system
from a deformed state to the initial undeformed state.
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were zx qqq ,, q - pressure from the filler on the shell, f – coefficient of friction.
The total energy of the system is:
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0АКЭП ++= (4)
The equation of motion of the medium in vector form has the form
[2,3]: 0222 =+- SSrotrotaSdivqrada te w , 0 L, 0 R (5)

Were rmrml /,/)2( 22 =+= et aa , а et aa , - the propagation speeds of longitudinal and
transverse waves in the filler, respectively; ),,( zx SSSSS q= - displacement vector; ml , - Lame
coefficients. Contact conditions are added to the systems of equations of motion of the medium
(5). It is assumed that the contact between the shell and the filler is rigid, i.e. when Rr = :

zx SwSSu === ;; qn (6)

rrrzryrxx Swqqq =-=-=-= ,,, sss q (7)

Components rrrrx sss q ,, - stress tensors are defined as follows [13-15]:
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ss ml , - Lame coefficients for the environment.
Supplementing the equations of motion of the filler (5) with contact conditions (6) and (7), we
arrive at a contact problem of vibrations of a cylindrical shell reinforced with cross-rib systems
filled with a medium. In other words, the problem of vibrations of a cylindrical shell with a filler
reinforced with cross-rib systems under axial compression is reduced to the joint integration of
the equations of shell theory and the equations of motion of the filler when the specified
conditions are met on the surface of their contact.
Further, we will consider shells whose edges are hinged. We seek the components of the
displacement vector of such shells in the form:
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For equal weights of the reinforced shell and the shell without reinforcement, their natural
frequencies are denoted by w and 0w .
The solutions of system (5) have the form [4, 15]:
а) with small inertial effects from the filler on the process of system oscillations:

)exp(cossin))()(

)exp(coscos)()()1(4)(

111

11

tikxCr
r
krIBkrI

r
nS

tikxnBkrkIAkrkI
r
krIkrS

s
n

sn

snsns
n

x

wjg

wjn

j ¶
¶

--=

+--
¶

¶
-=

https://wordlyknowledge.uz/index.php/IJSR
https://scholar.google.com/scholar?hl=ru&as_sdt=0%2C5&q=wosjournals.com&btnG
https://www.researchgate.net/profile/Worldly-Knowledge
https://journalseeker.researchbib.com/view/issn/3030-332X


INTERNATIONAL JOURNAL OF SCIENTIFIC RESEARCHERS
ISSN: 3030-332X Impact factor: 8,293 Volume 8, issue 2, November 2024
https://wordlyknowledge.uz/index.php/IJSR worldly knowledge
Index: google scholar, research gate, research bib, zenodo, open aire.
https://scholar.google.com/scholar?hl=ru&as_sdt=0%2C5&q=wosjournals.com&btnG
https://www.researchgate.net/profile/Worldly-Knowledge
https://journalseeker.researchbib.com/view/issn/3030-332X

324

)exp(sincos)()()( 11
3 tikxnCkrI

r
nB

r
krIAkrrIkS sns

n
snr wj+

¶
¶

+-=
(10)

b) the inertial effects of the filler on the process of system oscillations are significant:
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Here nI - modified Bessel function of the nth order of the first kind, sss CBA ,, - permanent.
Using contact conditions (6), displacements of shells (9), solution of the equation of motion of
the medium (10) and (11), we express the constants sss CBA ,, through CBA ,, . As a result, for

rx qqq ,, q we find:
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После подстановки (12) в (3) и интегрирования по x и q получаем для работы
распределенных нагрузок со стороны заполнителя, приложенных к оболочке:
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Using (1), (2), (13) for the total energy of the system we obtain a second-order polynomial with
respect to the constant parameters А,В,С:
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Note that the quantities ),6,........,2,1( =iiij( ),6,........,2,1( =iiiy )2,1( =iI i have a bulky
appearance, so we do not include them here.
The conditions of the extremum P for the parameters A, B, C reduce the solution of the problem
of vibrations of a shell reinforced by longitudinal systems of ribs filled with a medium and
subjected to longitudinal compression, taking into account friction in contact, to homogeneous
systems of linear algebraic equations of the third order, non-trivial solutions of which are
possible only if the determinant of this system is equal to zero. Equating the determinants of the
indicated systems to zero, we obtain the following frequency equation:
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It is easy to see that in case a) the system of equations (14) is reduced to a cubic equation with
respect to ω ω1

2 , otherwise it is transcendental. Since in what follows we will be interested only
in low frequencies of bending vibrations, this equation in case a) can be simplified by discarding
the terms with 4

1w and 6
1w . В As a result we get ( al=w2
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It is defined in a similar way bl for the occasion b).
Results and analysis. Let us present the results of the study of the influence of the number of
ribs and the rigidity of the fillers on the critical stress of axial compression. The calculations
were performed for the shell, medium and ribs with the following parameters:
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The calculation results are presented in Fig. 1. The dependence of the axial compression stress is
shown here. From Fig. 1 it is evident that with increasing stress the frequency of the system
decreases. In addition, taking into account friction leads to a decrease in the value of the natural
frequency of the structure under study. As noted, the method for determining the optimal
reinforcement parameters is based on a comparison of the minimum vibration frequencies of a
ribbed and smooth cylindrical shell, reinforced by longitudinal rib systems filled with a medium.
The following parameters are considered as variable: relative thickness of the shell Rhh /* = ,
distances between longitudinal and transverse ribs, related to the thickness of the shell ratio of
the weight of all ribs to the weight of the shell 1j and the ratio of the weight of the longitudinal
ribs to the weight of the transverse ribs 2j . It is assumed that the radius and length of the shell,
as well as the characteristics of the shape of the sections of the longitudinal and transverse ribs
are predetermined. Note that for rectangular sections it is necessary to specify the relations 1y
and 2y heights of longitudinal and annular ribs to their thicknesses, respectively. The
dimensionless characteristics of the ribs included in (1), (2) are expressed through the specified
parameters:
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With this formulation, the result of the study is practically independent of the characteristics of
the shell material, since )( 2

minw , as is known, weakly depend on Poisson's ratio n , and their
attitude m do not depend on the modulus of elasticity E . It should be noted that in order to
improve the bearing capacity of the shell, it is necessary to find such a combination of
parameters *h , 1a , 2a , 1j and 2j , under which m takes on the greatest value.
As an example to illustrate the changes m Depending on the relative weights of the ribs, the
results of calculations of cylindrical shells filled with a medium reinforced by longitudinally
supported rib systems are presented.

Fig. 1. System frequency dependencies 01ww=w from compressive stresses

4. Conclusions

The results of the study are practically independent of the characteristics of the shell material,
since )( 2

minw weakly dependent on Poisson's ratio n , and their attitude m do not depend on the
modulus of elasticity E . It has been established that in order to improve the bearing capacity of
the shell, it is necessary to find such a combination of parameters *h , 1a , 2a , 1j и 2j , under
which m takes on the greatest value.
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