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O‘ZGARISH CHIZIG‘IGA EGA PARABOLIK-GIPERBOLIK TIPDAGI TENGLAMA
UCHUN INTEGRAL ULASH SHARTLI CHEGARAVIY MASALA

Annotatsiya: Ushbu ishda Riman-Liuvill kasr tartibli hosila ishtrok etgan aralash tenglama uchun
aralash sohada umumiy integral shartli chegaraviy masalaning bir giymatli yechilishi tadqiq
gilinadi.

Kalit so‘zlar: Aralash tenglama, kasr tartibli hosila, integral ulash sharti.

HNHTEI'PAJIBHASA CBA3b YCJIOBHAS T'PAHUYHASA 3AJTAYA 1JI1 YPABHEHUA
IMAPABOJIO- THITEPBOJIMYECKOI'O TUIIA C IEPEMEHHOM ITPSIMOM

Annoranusi: B pabote uccrnenyercs oJHO3HaYHOE pelieHrne o01eld HHTErpaabHON YCIOBHO-
KpaeBoH 3a7a4 B CMEIIAHHOM TI0JI€ JJIsl CMELIAHHOTO YPAaBHEHHMSI, BKIIOYAIOLIETO IPOOHYIO
pou3BoAHYI0 Pumana-JInyBumis.

Kawuessie ciioBa: CMelaHHOE ypaBHEHHE, TPOOHAs TPOU3BO/IHAS, HHTETPATbHOE YCIOBUE
CBSI3HOCTH.

EDGE PROBLEM FOR INTEGRAL CONNECTION IN CONDITIONAL BOUNDARY
FOR A PARABOLIC-HYPERBOLIC TYPE EQUATION WITH A VARIABLE LINE

Abstract: In this work a unique solvability of a boundary problem with general integral gluing
condition for mixed equation involving the Riemann-Liouville fractional derivative has been
proved.

Keywords: Mixed equation, fractional derivative, integral gluing condition.

Uxx(x?’y)_Dg;U(x’yJ’ (xf’y)EQD’

disth {UH (0)-U, (xy),  (x))eQ (i=12)

(1)

Q=0Q,0u0Q wQ, UAA VBB,

tenglamani aralash sohada tadqiq gilamiz.

Bu yerda f(x,y) -berilgan funksiya, JD;»“U esa & Kkasr tartibli Riman-Liuvill integro-

differensial operatori bo‘lib, u 0 < @ <1 uchun quydagicha aniglangan [1].
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1 d

D580 i g 07T €)=

(1) tenglama uchun Q sohada

v 4
Ao By
C\&, Q, Q D
A B X »

1-rasm

quydagi masalani tadqiq etamiz:
1-Masala. (1) tenglamaning <2 sohada

U(x,y)eC(Q)NAC(Q)NCHQ), U, eC()

funksiyalar sinfiga tegishli quyidagi shartlarni qanoatlantiradigan regulyar yechimi topilsin:

U (x,0)=0, 0<x<l, @
Ul,c = @), léyil,

2 3)
Ul =w(), loy<y

2 (4)

U (0+.3)=LU(x.y)| ). U, (0+y)=U,(0-y), 0<y<l, ©)

U (1-0,y)=LU, (x.,9)_,) U,(1-0y)=U(1+0,y), 0<y<l. ©)

Bu yerda fp(y), !"U(y) -berilgan funksiyalar, 1, I lar esa hozircha ixtiyoriy integral

operatorlar.
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Bunday tipdagi masalalar Lval, integral operatorlarning maxsus ko‘rinishida[ ] da (& 1

holda) hamda 0< @ <1 ychun [3] tadgiq etilgan.

(1) tenglamaning £ sohada (2) va

U (0+,y)=v (v).  U(1-0p)=v(y),  0<y<l @)

shartlarni qanoatlantiruvchi yechimi quydagicha yoziladi [ ] :

U(x. )= [vi (1)G (5. y:1m)dn - [ (7)G(x.3:0.n)dn -

Fl
_“‘f(fs??)G(x,y;51;?)(;5(;,?3
on (8)
bu yerda
A1 B
T (y=7) (v-)
(9)
TR z" .
e (2)=2 L«
=L (F=Fn) gt tipidagi funksiya L4 F=3

(1) tenglama uchun € va 2, sohalardagi Koshi masalasi yechimini Dalamber formulasi orqali

yozib olamiz [ ] :

V+x ¥V x+y-T7]
Ulx,y)= J[fn (v+x)+ 15 (v— r)+ j VD (1)dt+ j t_{prnf(f,ry)dédr;},
(x,y)eQ (10)

F+r-l l—x—p+17

U(x,y)—%{rf(y—x—i—l)—l—rf(y—i—x—1)+ _I dz‘—l—_[ I f(&n dfdﬁ}

(x,)eQ, (11)
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Bu yerda U0 =50 , UQ+0,y)=7(») .

(10) ni (3) ga qo‘yamiz:

11 ) Jap-l ) »op-lap-n
U(Jﬂ—l,y)=co(y)=—{fu(;v+;v—1)+ru (y-y+D)+ | vy@adr+] | f(é,n)dédﬂ},
2 _}l:_}l+1 0 _y—1:y+r;r
1
—<y<
p ==l
2p-1 F 2p-n-1
go(y):; o (2y-1)+7 (1)+ Ivn‘(r)dz‘—i—j I f(&n)dedn ,
= 1 0 -l
y+l
T ()=0 va Yy bo‘yicha bir marta differensiallab y ni 2 ga

yoki (2) ni hisobga olsak
almashtirib

_}’+1

( s, (y)+vu(y)+ff(y ndn,  0<y<l

(12)
ni olamiz.

Xuddi shuningdek, (11) ni (4) ga qo‘yib, yuqoridagidek amallarni bajarganda quyidagini olamiz:

y+1
1
WD) =5 () ()4 jf(v npdn.  0<y<l
(13)
(5) va (6) ulash shartlarini quydagicha yozib olish mumkin:
O=LO;0). K O=L07 O, 0<y<l, ”

(12), (13) ni hisobga olsak, (14) dan

y+l

vo=5ed -5 (v)—jf(y—rz,n)dn,

a7 www.wordlyknowledge.uz ILMIY METODIK JURNAL



http://www.wordlyknowledge.uz/

JOURNAL OF IQRO - AKVPHAJI ITKPO — IQRO JURNALI — volume 8, issue 1, 2024
ISSN: 2181-4341, IMPACT FACTOR ( RESEARCH BIB ) — 7,245, SJIF — 3,934

y+1
y+1
Vi) =Ly (=)= ()~ j f(y=n.n)dn
(15)
ifodalarni hosil gilamiz. (15) ni (8) ga qo‘yamiz:
_J:_+1
¥ v+l N 2
Ux.y)= [L| W/ () -7 () - [ f(y—nmdn Glx.y:Ln)dn -
a = 1}
y+1
v +1
—If )% (v)—jfcv n.m)dn G(x,y;0,7)dn -
r1
~[[7&mG(x.y:&mdsdn
X (16)
(16)da ¥ > 0F V& X >1=0y . arda limitlarga o‘tamiz:
m+l
_ y n+1l. . 2
5 (N =[GO.yLL | W o) -7 (- [ f@n-4.&)dé dn -
a = ]
J-;r+1
—IG(G 0.1, qo{ A If(rz £,E)dE dn -
ri
~[[rEma.y.émazdn .
nan (17)
o (v)—j'cm v LI, {w’” LY-ao- | f(r?ffsé)(f%df?
—fea.vomr, {w'(”;l) — - j S (7 — cfscf)dé’}n —
—T [rEe.may:&mdédn .
00 (18)

Agar / va % integral operatorlarni quyidagi ko‘rinishda olsak:
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Ii(g)=c1g(n j g(=)K,(1.2)ds.

I(g)=o,g(n)+ j g(=)K, (1.2)ds,

(19)
(17) va (18) larni Volterra integral tenglamalar sistemasiga keltirsak bo‘ladi:
| (W)= )= [ (=55
73 () = [G(0.»:1.7) dn
’ o+1
IK (7, 2)dz| /' (=) - 7/ ()—If(~ £,£)ds
cq([qa"";]—ra'(n) [rn-c2)+
_]‘G(O'v v 0:- ]?) z+1 d‘? -
0 7
+[Ky(.5)d ;a(‘”) 5 (2)- If(~ £,8)dé
~[[1&mG.y:&madsdn .
0o (20)
o w’[”T”]—rr' (n)- [ f(n-&.£)d¢ |+
T (v)= j_i‘G(L v.Ln) N dn —
IK (.2 ¢/ (-5 ()= [ f- &8s
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o ;a'[”” ' (n)- [ f(n-&&)ds |+

2

¥
-[G@y;0.) ] dn -
I}

2l

Y- (@)~ [ fe-eoas

R md o

~[[f&mGQy:&mydédn .
oo (21)

Endi (20) ni soddalashtiramiz:
[ n+

fn‘(y)=a2j'G(0,y;1,rr)W[ ]dr? %_[G (0.%:L7)5" (m)dn -
- 2

i)

—%TG(G,y;Ln) if(r?—f,é‘)dé‘ dn+TG(0=y;1,r?)ﬁKg(m:)w -

}q B
z+1

—[G(ﬂ yla)(ffc(q 2t (2)d=)dn -~ [G(ﬂqu) [Km 2) [f(~ EE)E |dz |dn-

¥

IG(G vOr])aqga[ 5 }d}]+J‘G 0, v(]fy)aqr (m)dn +

1]

:7+1
¥

+[G(0,3.0,7)e, _[fn £.&)dg \dn - IG(Ovomch(v )qa'[‘ ]dz)dm

0

z+l

+[60.3,0.0( k(1,95 @drdn+ [60,y.00( K1, 9(| £ &6dDd)dn -

_”f@”?)G(Q y:&.mdédn.
00 -
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(22) da K (3.2) va F() belgilashlar kiritsak u quyidagi ko‘rinishga keladi:
¥

% ()~ [G(0.3:0.7) e (m)dn — jG(ﬂ »:0 n‘)(_[K (1.2)55 (2)d=)dn = F(y)
0
y

% (3) - [G(0.3:0.7) 047" (m)dn - If (2K, (17.2)d== F ()

yoki

(23)

bu yerda

¥
K, (3.2)= [G(0,5,0,m)K, (1. 5)dn,

F(y)= IGOvlq) z‘//[ ]a‘q IGOvlq)(xZ‘r (m)dn —

—iG(G,y;l,ry)% if(f?—fa‘f)dé‘ W+TG(0=.V31=’?)(TK2(’?S

0

Yo
zH

~[GO.yL)([ K, (.2)5" (2)d)dn— [GO.vLn)| [K.2)| [ f(=-&.6)ME |d=|dn-

i7+1

]dq+IGGv0q J‘f;-; £,E)dE \dn -

Jj‘G(t[) ¥,0.n7) o9 [

i

=+ +1

—[G(Ovﬂr?)([K(r}' z)qa[ ]dZ)de[G(OyOH)([K(H z)([f(z £.&)dE)dE)dr -

—JJf((:,a)em,y;:,q)dgdq_

(23) ni (9) dan foydalanib quyidagicha yozib olamiz:
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_ o 5 (s) T () -
T, (y)_r(ﬁ)'g[()?—s)l_ﬁ d..—fll_D[Tn (H)E%I’(v_d) el,ﬁ{(},:)ﬁ} - —
[ (= )
) (24)
yoki
I Y _
. - Lo -
1 Jj z; (:) d,::i 7, (v)—(xl_[fg (5)_2_00 '?(v—")l_ﬁ -
F(ﬁ)u (y_:)l—,ﬁ o 0 y =\. =

Riman-Liuvill integrali ko‘rinishdan foydalansak,

ffy(fa'(y)zﬁ'(.v))

8
hosil bo‘ladi. (26) ning har ikki tomoniga ¢~ % operatorni ta’sir ettiramiz:

4 Dﬂi (‘!'D‘ﬁ‘Ja“'l:'.IZI_‘I (y))

(28) ning o0‘ng tomonini hisoblab olamiz:
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(25)

(26)

(27)

(28)

;o= T (y-2) 1% adls L = Ts2)
| [5 e S—te |= [(y=5" 2| [/ (2) 2 ———g=tz fds=
b ’ e (¥— Jlﬁ I'(1-£)3 s g i g (5= Jlﬁ
f’ﬁ[ - s
. ¢ A ( A&
1 t -4 . f i I’LS_ ] f r = (S_Z)
= —g5) " dsllim| T (= < iz |+ zZy — _ itz
1“(_1—,3}!”' ) m 7 | J%‘; (s—z" !”t "%63 (5—2)*
= = ‘

(29)
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bu yerda
—2n
+0 ellg (.&'— ")ﬁ
=il (:)n;m (5—:)1_'8 -°
n=l

Bu tasdigning isbotini 1-lemmada keltirib o‘tamiz. Endi

n ™

1.2 — =R

ey | —
E (S—S)ﬁ
os (J—:)l_'&

/ ni hisoblab olamiz:

3, &1 gl —2n £-2 1g4| —2n
— | (s=2) e%| ———||=(s—= e =
7 et ||

nll (30)

ko‘rinishga keladi.(30) da M (y = ) belgilash kiritib olamiz:

7 i
L 52 4 —2n
()=l o o S|

n=l

M(y,:z)

ni soddalashtirishni 2-lemmada ko ‘ramiz:

(27) ning o‘ng tomonidagi oxirgi ifodani hisoblaymiz:
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- - (31)

F(y) va K(y.2)

(31) da belgilashlar kiritib olsak,

(32)

ni olamiz, bu yerda
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Lo 1T(=8) 1 M=)+ 1(5=3)+”P ot
(-v”‘)_al l—'(ﬁ) (y_:),g M(=) _D[( dt

F(y) - uzuluksiz, K(y, :) - kichik maxsuslikka ega.

1-lemma.

<p<

1 1
Agar 3 2 va n#0 po‘lsa, uholda

bo‘ladi.
Isbot:

Avvalo,

1
A T Ta e
_"x,ﬁ(")_ o, ( ) F(#—a)r((S‘Fﬁ)

formuladap=1,a=1, o=, = holda

ell,ﬁ[ a0 J_{(Z_S)ﬁjz{ —2n ef,)ﬁ[i}}
8 (z—s)ﬁ —2n (z—s)ﬁ ‘ (Z—S)ﬁ ni olamiz [‘4]

Demak,
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(S -5 )3'3_1 —2n

. -2n
lim 0,28
ST PN {(:s)ﬁJ

AgarSﬁ—lEOyokfﬁzédesak

. 1
lim ze*% (=)= — ni hisobga olib
i e (<) T'(u—a)l(5+p)
=z (—2n)’ (S—S)ﬁ v (S—S)ﬁ (—2nm)° F(O_ I)F(Sﬁ)
e o
ni hosil qilamiz[ ] : E ekanligini hisobga olsak,demak 32 bo‘lishi kerak.

2-lemma. "% 0 ychun

N'—.‘t..'

(y- s)_ﬁ (s— :)'3_2 ey [(_2}1} ds=0

tenglik o*rinli.
Isbot:
® _k
eéjﬁ (:) = ; T(ak+ ,u)I'(5— ﬁk) formulaga ko'ra
u=lLa=1, 6=06-1, =0

holda quyidagini olamiz [4] :
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(y—z)é+z=s, s—z=(y-z)¢
y—s=y—(y-z)é+z=(1-¢)(y-2)
(y—:)d!,‘:ds

almashtirish bajarsak,

hosil bo‘ladi.

B(a)= [ 1-of e

ni hisobga olib,

engi @=FB-Pk-1, b=1-fda

N (—1) (2}1) 1 F(ﬁ—ﬁk—l)r(l—ﬁ)_
M(J’ﬁ)—;l—'(k_k1)F(ﬁ_1_ﬁk)(-}_:)l+ﬁk C(f—pk—1+1-p)
:i (—l)k(Zn)k 1 F(ﬁ_l_ﬁk)r(l_ﬁ):

ST+ )T(B—-1- k) (y— =)™ L(-pk)
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S ()" (2n)T-4) 1 . -2n
ST(k+1)0(=pk)(y—z)" y—z " (y-z)
-2

M(y.z)= ! e il

ni hosil qilamiz.

11 lim— e | 2" |_g
Fel33 =ry-s P (y-o)f
3-lemma. Agar va "# 0 botlsa, u holda ’ '
. 1
lim =0
a—-2 F(a)

Bu lemmaning isboti 1-lemmaning isbotiga o‘xshash bo‘lib, tasdigdan

foydalaniladi.

11
el =, =

d [3 2}
Bunda ham bo‘lishi talab etiladi.

+
Demak, b (J }) funksiyani vaqtincha ma’lum desak, (32) ni 2-tur Volterra integral tenglamasi
sifatida garab, uning yechimini rezolventa orqali yozib olish mumkin:

+
Bu yechimni (21) ga olib borib qo‘yilganda g (J }) ga nisbatan yana bir 2-tur Volterra integral
tenglamasini olamiz.

Berilganlarga ma’lum shartlar asosida bu integral tenglamaning yechimi ham rezolventa

+ +
orqali yoziladi. (15) munosabatlardan va (5), (6) ulash shartlari asosida Vo (J}) N (J})

funksiyalar topiladi. Undan so‘ng 2 sohada yechim (8) formula, € sohada (10), €2 sohada
esa (11) formulalar bilan tiklanadi.

Masala ekvivalaent tarzda 2-tur Volterra integral tenglamalar sistemasiga keltirilganligi
tufayli, masala yechimi yagona bo‘ladi.

Demak, quyidagi tasdiq o‘rinli:

2
Teorema. Agar QE[E,IJ, . WECI [O,I]H c’ (0=1), f(x,y)e(ﬁ)ﬂcl (Q)

L ve I, integral operatorlar (19) ko‘rinishda berilgan bo‘lsa va % =0, =0 bo‘lganda 1-

masalaning yechimi mavjud va yagona bo‘ladi.
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